Abstract. We revisit Hardy's inequality in the scope of regular Dirichlet forms following an analytical method. We shall give an alternative necessary and sufficient condition for the occurrence of Hardy's inequality. A special emphasis will be given for the case where the Dirichlet form under consideration is strongly local, extending therefore some known results in the Euclidean case.
Introduction
By Hardy's inequality we mean an inequality of the type
where E is a Dirichlet form and is a positive measure charging no set having zero capacity. Discussions of such type of inequalities and its consequences in the scope of Dirichlet forms were made by several authors and the subject has gained much more interest in the last years [4, 9, 11, 12, 15, 19] , due to their relevance to many areas of mathematics (spectral theory, PDE's, potential theory, etc.).
In the literature there are many types of necessary and sufficient conditions for the validity of inequality (1.1) (especially for the gradient energy form on Euclidean domains ( [1, 2, 3, 14, 18] ): capacitary conditions, functional conditions, etc.
In [3] , Ancona proved that Hardy's inequality holds true on Euclidean domains for the measure .dist.x; @ // 2 dx and where the energy is the gradient energy form if and only if possesses a 'strong barrier'. Years later, Fitzsimmons [9] proved that this deep result holds true in a very large generality, namely for quasiregular Dirichlet forms.
Being inspired by the papers of Ancona [3] and Fitzsimmons [9] , we shall give new necessary and sufficient conditions ensuring the validity of Hardy's inequality.
In fact, using the Beurling-Deny formula, we shall write Ancona's condition in a variational form, without assuming the barrier to be superharmonic.
We shall also show that our condition is equivalent to the one due to Fitzsimmons. In the special (but relevant) case where the Dirichlet form is strongly local (of diffusion type), using the intrinsic metric induced by E, we shall generalize and improve the known Hardy [3] and improved Hardy inequality on bounded Euclidean domains [8] in our general setting.
Our method is rather direct and analytic. It is based upon the use of the celebrated Beurling-Deny formula.
Preliminaries
We first shortly describe the framework in which we shall state our results.
Let E be a regular symmetric transient Dirichlet form, with domain F WD D.E/ w.r.t. the space L 2 WD L 2 .X; m/. We assume that X is a separable locally compact metric space and that m is a reference measure, i.e., m charges every nonempty open subset of X.
In this stage we would like to emphasize that our assumptions on the Dirichlet form are not very restrictive. Indeed, every quasi-regular Dirichlet form is quasihomeomorphic to a regular Dirichlet form [6] . Hence our results are true for quasiregular Dirichlet forms as well.
The local Dirichlet space related to E will be denoted by F loc . A function f belongs to F loc if for every open bounded subset
f -a.e. on . We recall the known fact that every element from F loc has a quasi-continuous modification. We shall always implicitly assume that elements from F loc have been modified so as to become quasi-continuous.
We
loc .X; m/. We shall denote respectively by Ä, J the killing and the jumping measures related to E and E c , its strong part both given by the Beurling-Deny formula (see [10, Theorem 4.5.2, p. 164]; for quasi-regular Dirichlet forms, see [13] ),
Given f; g 2 F let By the regularity assumption the latter formula extends to every f; g; h 2 F loc . Another rule that we shall occasionally use is the chain rule (see, for instance, [10, pp. 11-117] ): for every function W R ! R of class C 1 with bounded derivative ( 2 C .R/), every f 2 F loc and every g 2 F b; loc we have .f / 2 F loc and d
We can somewhat improve the chain rule. .OEa; 1//. Let f 2 F loc such that for every compact subset K X , there is C K > 0 such that f C K -q.e. on K. Then .f / 2 F loc and
Proof. Let K X be compact and C K > 0 be as in the lemma. Let Q f 2 F such that Q f D f -q.e. on K. We extend the restriction of to OEC K ; 1/ by a function
e. on K and by formula (2.4),
hf;gi ; 8 g 2 F b; loc ; which was to be proved.
We shall also make use of the following fact.
Lemma 2.2. Let w be a q.c. function such that w > 0-q.e. Then w 1 is locally quasi-bounded.
Since w is continuous on Y , the set
which was to be proved.
Hardy's inequality
We are now in position to assert the first part of the main result.
Theorem 3.1. Let E be a transient Dirichlet form and be a positive Radon measure on Borel subsets of X, charging no sets having zero capacity. Assume that there are C > 0 and a function w 2 F loc , w > 0-q.e., such that
Then the following Hardy's inequality holds true:
Remark 3.2. Condition (3.1) is fulfilled if there is a function w 2 F , w > 0-q.e., such that
In particular, if w is the potential of a positive measure charging no sets having zero capacity satisfying kwk 1 < 1, we get
Therefore, we obtain the known inequality [4, 9, 16, 19 ]
We shall say that a measure satisfies Hardy's inequality if inequality (3.2) holds true.
Proof. Without loss of generality we may and shall neglect the killing term in E.
Let f be such that wf 2 F and f has compact support. Since, by Lemma 2.2, for every compact subset K X there is C K such that w 1 Ä C K -q.e. on K, we obtain by Lemma 2.1 that w 1 2 F b; loc and f D w 1 wf 2 F loc .
By formula (2.1) together with the product formula (2.3), we obtain
Replacing f by wf 2 2 F loc in equation (3.1), we get
Observing that
and that J.w; wf 2 / Ä J OEwf ; we achieve
for every f as given in the beginning of the proof. Now let f 2 F \ C c .X/. Then f D ww 1 f . We set g WD w 1 f . Then wg 2 F . Applying the first part of the proof and using the regularity assumption, we get the result.
Before rediscovering Fitzsimmons' result we make a short digression on superharmonic functions, which we borrow from [9, p. 550] .
A function w W X ! OE0; 1 is said to be superharmonic if it is excessive (w.r.t. the Markov process induced by E) and finite m-a.e. We recall the known fact that every superharmonic function w admits a unique decomposition w D U C h, where U is the potential of the positive measure and h is the harmonic part of w. Furthermore the measure can be uniquely decomposed into D 0 C 1 , where 0 charges no set having zero capacity and 1 is supported by a set having zero capacity. The measure 0 is called the Riesz charge of w. Corollary 3.3. Let 0 < w be a superharmonic function and its Riesz charge. Then
Proof. Assume first that w 2 F . Then for all f 2 F \ C c .X/ we have
which yields inequality (3.3) by Theorem 3.1. For general w, let k " be such that w k WD U k 2 F . Then by the first step,
which finishes the proof 
Thus by Theorem 3.1, we obtain
Letting ! 0, we derive
As in the context of Ancona and Fitzsimmons (see [3, Proposition 1] and [9] ) we proceed to show that a sort of converse to Theorem 3.1 holds true. Theorem 3.6. Assume that inequality (3.2) holds true. Then for any 0 < ƒ < C 1 there is w 2 F , w > 0-q.e., that fulfills condition (3.1).
Proof. Suppose that (3.2) holds true. Then by [4, Theorem 3.1], the operator
where Uf is the potential of f , is bounded and satisfies kK k Ä C . Thus for every 0 < ƒ < C 1 the operator 1 ƒK is invertible on L 2 . /.
Since ' > 0, K is positivity preserving and
we conclude that > 0--a.e. and w WD K > 0-q.e. For the rest of the proof, observe that for every 0 Ä f 2 F E.w; f / ƒ
which finishes the proof.
The proof of Theorem 3.6 shows that if the operator 1 C 1 K is invertible, then the conclusion holds true with ƒ D C 1 as well.
We shall add an alternative assumption (which is fulfilled in many cases) on the form
that ensures that the case ƒ D C 1 is included as well.
Proposition 3.7. Let be a positive Radon measure on Borel subsets of X that satisfies the Hardy's inequality with best constant 1. Assume that there is ƒ > 0 such that
Then for every g 2 F there is f 2 F such that
If in particular g > 0-q.e., then there is w 2 F , 0 < w-q.e., that satisfies condition (3.1) with C D 1.
The proof is easy, so we omit it.
Examples for strongly local Dirichlet forms
In this section we shall concentrate on giving general and concrete examples of measures satisfying the Hardy inequality provided the Dirichlet form is strongly local. Furthermore in some positions we shall even improve Hardy's inequality. These examples are mainly inspired by classical Hardy's inequality on Euclidean domains having strong barriers [3] ,
and by an example given by Fitzsimmons [9, Example 4.2] . For the sake of completeness, we recall some basic concepts related to strongly local Dirichlet forms.
Every strongly local Dirichlet form E induces a pseudo-metric on X known as the intrinsic metric and defined by
where the inequality 1=2 Throughout this section we shall assume that is a true metric whose topology coincides with the original one and that .X; / is complete.
For a given closed subset F X , we set
Then under the above assumption (see [17, Remark after Lemma 1.9]),
Now let X be an open fixed subset and E be the form defined by
Then E is a regular strongly local Dirichlet form on L 2 . ; m/ (see [10, Theorem 4.4.3] ). Set F D X n or any closed subset of having zero capacity and F ; loc the local domain of E .
We are now in position to extend inequality (4.1) in our framework.
For the gradient energy form on Euclidean domains, condition (4.2) expresses the fact that F is superharmonic, under which the constant C appearing in inequality (4.1) may be chosen to be equal 4. On the light of this observation, our extension seems to be quite natural.
F . By Theorem 3.1, it suffices to prove 1 2
Owing to the product formula together with the chain rule given by Lemma 2.1, a straightforward computation yields
which completes the proof. 1 . Then it is known that .x; y/ D jx yj; 8 x; y 2 :
Assume that ' satisfies condition (4.2), which reads
(It is the case if for example ' D F ,˛ 0). Then the conditions of Theorem 4.1 are fulfilled and we get
Another general example is the following. 
Proof. Let 0 Ä f 2 F ; loc \C c . /. Changing f by 2ˇ 1 f in inequality (4.3) and applying the chain rule, we achieve 1 2
Using the latter inequality together with the assumption 
considered on the space L 2 .R d ; dx/. In this situation the intrinsic metric is given by (see [7] )
We set .x/ WD .0; x/, 8 x 2 R d , and suppose that d 3.
From the property of the intrinsic metric we derive
The second condition imposed on reads
with C > 1=2. Obviously this condition cannot be fulfilled if 0. However, if < 0 and is big enough, then the latter condition is satisfied and we obtain for such that
The latter theorem may be improved in the following way.
Theorem 4.6. Let 2 F loc such that > 0-q.e. and for some constant C > 1=2,
The proof runs as the previous one, so we omit it.
Remark 4.7. Inequality (4.4) is fulfilled with C D 1 if
On the light of Theorems 4.3 and 4.6 and being inspired by a result due FilippasMoschini-Tertikas [8, Theorem 3.2], we shall improve, in some respect, the Hardy inequality.
Theorem 4.8. Assume that the conditions imposed on F in Theorem 4.1 and on in Theorem 4.6 are fulfilled. Then the improved Hardy's inequality
F and f D w 1 w 2 g 2 F . Then which is always satisfied. However, the condition C > 1=2 is fulfilled if and only if .d 1/R 2˛> 1:
Whence from now on we assume in this example that d > 1 and R satisfies the latter condition (big R).
The condition imposed on reads 
